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NONLOCAL BOUNDARY VALUE PROBLEM FOR A
NONLINEAR IMPULSIVE INTEGRO-DIFFERENTIAL
SYSTEM WITH MAXIMA

Fayziyev Aziz Kudratillayevich
Tashkent state economical university Tayanch doktorant (PhD)

Abstract: A nonlocal boundary value problem for a first order system of ordinary
integro-differential equations with impulsive effects and maxima is investigated. The
boundary value problem is given by the integral condition. The method of successive
approximations in combination it with the method of compressing mapping is used.
The existence and uniqueness of the solution of the boundary value problem are
proved. The continuous dependence of the solutions on the right-hand side of the
boundary condition is showed.

Annomayun: Hccnedyemes HelokanvHas Kpaesas 3aoada Ol CUCHEMbl
OObIKHOBEHHBIX ~ UHME2PO-OUDPepeHyuanvbHblX  YPABHEHUU Nep8oco NopsaoKa ¢
UMnyIbCcHolMU  3ppekmamu  u  maxkcumymamu. Kpaesas 3adaua 3ad0aemcs
uHmezpanbHvim yciosuem. Mcnonvzyemces memoo nociedo8amenbHbix NPUuOIUICeHUll
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8 COUemanuu ¢ Memooom corcumarouieco 0m06pa9fceHuﬂ. ﬂOK&S‘(lel cyuecmeosarnue
U eOUHCMBEHHOCMb peueru: Kpaeeoii saoayqu. [loxkaszana HenpepovleHasl 3A6UCUMOCNTb
peuweHuti om npagou 4acmu SpanuiHo20 YCio8Usl.

Annotatsiya: Impuls fa’sirli va maksimallari bo'lgan birinchi tartibli oddiy
integral-differensial tenglamalar sistemasi uchun nolokal chegaraviy masalani
o'rganamiz. Chegaraviy masala integral shart bilan beriladi. Ketma-ket yaginlashish
usuli gisgartirib akslantirish usuli bilan birgalikda go'llaniladi. Chegaraviy masala
yechimining mavjudligi va yagonaligi isbotlangan. Yechimlarning chegaraviy
shartning o'ng tomonida uzluksiz bog'ligligi ko'rsatilgan.

Key words: impulsive integro-differential equations, nonlocal boundary condi-
tion, successive approximations, existence and uniqueness of solution, continuous
dependence of solution.

Knioueevle cnoea: umnynvchvie unmecpo-ouggepeHyuaivvle YpasHeHus,
HENOKAJ/IbHblE ZcPpAHUYHbIE YCIIOBUA, nocnedo08ameibHble I’lpu5JZZ/l()fC€HM}Z, cyuecmeo-
ganue u eOUHCmMeEeHHOCmb PEWEHUA, HENPEPLIBHAA 3A6UCUMOCNTb PEULEHUAL.

Kalit so'zlar: impulsli integral-differensial tenglamalar, nolokal chegaraviy
shartlar, ketma-ket yaginlashishlar, yechimning mavjudligi va yagonaligi, yechimning
uzluksiz bog'ligligi.

Introduction

Many problems in modern sciences, technology and economics are described by
differential equations, the solution of which is functions with first kind discontinuities
at fixed or non-fixed times. Such differential equations are called differential equations
with impulse effects [1-3]. In recent years the interest in the studing of differential
equations with nonlocal boundary value conditions is increasing (see, for example, [4-
5]). Also a lot of publications of studying on differential equations with impulsive
effects, describing many natural and practical processes, are appearing [6-7].

In this paper, we investigate a nonlocal boundary value problem for a system of
ordinary first order differential equations with impulsive effects and maxima. The
guestions of the existence and uniqueness of the solution to the boundary value
problem, as well as the continuous dependence of the solution on the right-hand side
of the boundary condition, are investigated. We note, that the differential equations
with maxima play an important role also in solving control problems of the sale of
goods and investment of manufacturing companies in a market economy [8]. In it is
justified that the theoretical study of differential equations with maxima is relevant.

Problem statement

On the segment [0,T] we consider the following first order system of nonlinear
integro-differential equations

X(t) = f[t,x(t),j@(t,s,max{x(r)|re[ils;lzs]})ds], t£t, i=12,..,p (1)
with nonlocal bou(r]1dary value condition
AXx(0) + j K (t,s)x(s)ds = B(t) (2)

and nonlinear impulsive effect

x(ti*)—x(ti‘): L(x(t)), 1=12...p, (3



where 0=ty <t <..<t <t,, =T, AeR™ is given matrix, K(t,s) is given
T

nxn-—dimensional matrix function and detQ(t) =0, Q(t)=A+jK(t,s)ds,
0

f:[0,T]1xR"xR" >R", ®:[0,TPxR"—>R", I,:R"—>R" are given functions;

0<A; <4, <L x(t")=lim (x +h), x(t)=lim(t—h) are right-hand sided and
h—0* h—0~

left-hand sided limits of function x(t) at the point t =t,, respectively.

By C([O,T], R“) denoted the Banach space, which consists of continuous vector

functions x(t), defined on the segment [0, T], with values in R" and with the norm

XI- S el
By PC([O,T], R”) denoted the linear vector space
PC([O,T],R”):{X:[O,T]—>R”; X(t) €C((t.4,.].R"), i =1. ,p}
where x( ) and x( ) (i=0,1,..., p) exist and bounded,; x( i‘):x(ti )

Note, that the linear vector space PC([O,T],R”) Is Banach space with the
following norm

[Xloe =max{| x|, i=12.p).
Formulation of problem. To find the function X(t) PC([O,T],R”), which

for all te[0,T],t=t, i=12,..,p satisfies the integro-differential equation (1),
nonlocal integral condition (2) and for t=t i=12,..,p, O<t1<t2<...<tp<T

satisfies the nonlinear limit condition (3).
Reduction to an integral equation

Let the function x(t) PC([O,T], R“) is a solution of the nonlocal boundary

value problem (1)-(3). Then by integration of the equation (1) on the interval
te(0,t,,], we obtain

i f(s,x,y)ds = ix'(s) ds = [x(tl)— x(o+)] +[x(t2)— x(tf)] + ._.J{X(t) B x(tﬁ )] _
=—x(0) —[X(tf)— X(tl)] —[x(tg)— x(tz)] — [x(tf)— X(t, )] +X(t).

Taking into account the condition (3), the last equality we rewrite as

X(t) = x(0)+jf(s X,y)ds+ > 1(x(t)) (4)

O<tj<t
We subordinate the function x(t) e PC([O,T], R" ) in (4) to satisfy the boundary
value condition (2):
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{A+}K(t,s)ds} X(0) =

=B(t)— jK(t s)jf(ex y)dods — jK(t $) > I;(x(t;))ds. (5)

O<tj<t

By virtue of detQ(t) = det{A+ j K(t, s)ds} # 0, the equality (5) we rewrite as

O<t; <t

x(0) = Ql(t)IZB(t) K, s)jf(ex y)d&ds — jK(t s) > 1(x(t))d s}. (6)

Substituting equality (6) mto representatlon (4), we obtaln

X(t) = Ql(t){B(t) K, s)jf(ex y)d&ds — jK(t s) > L(x(t, ))ds}

O<tj<t

+jf(s X,y)ds+ > 1;(x(t)) (7)

O<tj<t
Since the following equalities hold
T S TT
jK(t,s)jf(e,x, y)deds = [ [K(t,0)d6 f (s,x, y)ds,
0s

JKt9) 3 1(x(t))ds = 3 [Kias(x(,)

O<t;<t 0<t;<T ;
from presentatlon (7) we obtain

X(t) =Q ' (t)B(t) —Q-l(t)”K(t,e)de f(s,x,y)ds—

Q') > jK(t s)ds|, jf(s X,y)ds+ > 1;(x(t;)). (8)

O<t;<t t; O<tj<t

After some S|mpI|f|cat|ons in representation (8) we obtain that the following
equalities hold:

j f(s,x,y)ds —Q-l(t)ﬂ K(t,6)do f (s,x, y)ds =
0 0s
= Ql(t)j[m j K(t,e)dH] f(s,x,y)ds—
QM| [K(t,0)do f (s,x,y)ds; (9)
Os

2 L(x(4)-Q7 M X ].K(t,s)dsli(x(ti)):

O<t;<t 0<t;<T g,
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_Ql(t)z[mjK(t,,s)dsJ (x(t))- > Q—l(t)jK(t,,s)ds (x()). (20)

O<tj<t t<tj 4 <T

Taking into account (9) and (10), from the presentation (8) we obtain the
nonlinear equation

(O=360=Q" 08O+ T G(t4)h(x(t)+

O<tj<t

+}G(t,s) f [s, x(s),]@(s,@, max{x(r) |7 e [/119;/120]})dejds (11)

for te(t,t,,], |_01 " P where

Ql(t)(A+jK(t,9)d9j, 0<s<t,
G(t,s) =+ 0

—Q‘l(t)T[K(t,H)dH, t<s<T.

It is easy to verify that the equation (11) satisfies problem (1)-(3).
The questions of one value solvability
Theorem. Suppose the following conditions are fulfilled:
T
1). M, =max| f [t,Q1(t)B(t),j®(t,s,Q1(S)B(s))dsj
0<t<T

< 00;

2). m, =max max} l; (Q (t)B(t))‘

0<t<T ief,2
3). Forall t€[0,T], x,y €R" holds
‘f(txl’ 1) — F(t,x,, Y2)‘ < M1(t)‘ X =X ‘Jr Mz(t)‘ Yi— Y, ‘;
4). For all t,s€[0,T]?, xeR" holds
O(t,s,%) — O(t,S,%,)| < M4(t,s)| X, — %, |;
5). Forall xeR", i=0,1,..., p holds
100) = L) < my [ x =X, |;

6). p=Sl+82+83<1, where

S, = maxﬂG(t,s)\ M,(s)ds, S, = rgath(t,s)\ Ml(s)}Ms(s,Q)deds,

0<t<T

S, = maxZ\G(t t;)[-m

0<t<T ©
Then the nonlocal boundary value problem (1) (3) has a unique solution
X(t) e PC([O,T], R“). This solution can be found by the following iterative process:

X (1) =3t X, k=1,2,3,...
X’ (1)=Q(t)B(t), te(t,t,), i=012,..p.
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In addition, for this solution it is true the following estimate

e

5O-%Ohe 3 |- 8,01

Proof. We consider the following operator
J: PC([O,T]; R”) — PC([O,T]x R”), defined by the right-hand side of equation

(11). Appling the principle of contracting operators to (11), we show that the operator
J, defined by equation (11), has a unique fixed point.

For the zero approximation of the iteration process (12) we easily obtain that
x°m]<|Q*mBm|<|Q M) || Bt | <o (13)

Taking first and second conditions of the theorem and estimate (13), for the first
difference of the approximations (12) we have the following estimate

[ x*(t)-x (t)H<O<t<TZ\G(tt)H (x°)) ‘
+(r)r<1tzi>T<hG(t,s)\ f(s,xo(s),je)(s,e, max{xo(r)|re[110;/120}})d0J ds <
-0 0
<Sy(My +m ) <o, (14)
where

S, = maxﬂG(t,s)\ds + maxZ\G(t t)|,

o<t<T O<t<T “

M =max
0<t<T

f [t,Ql(t)B(t), | @(t,s,Ql(s)B(s))ds] ,

m, = max maxp} I ( 1(t)B(t))‘.

O<t<T ie{l,2
Then, by the third, fourth and fifth conditions of the theorem, for difference of
arbitrary consecutive approximations and arbitrary t (t;,t;,,] we have

X)) -x ()| <

< }\G(t, 5)|| f [s, x"‘l(s),]'@(s,@, max {x*(z)| z € [119;129]})@] -
0 0

ds +

_f (s, x“(s),}@(s,e, max {x*2(7)| 2 e[zle;zze]})deJ
0

I -1 (x2)) <

STHG(LS)‘{Ml(S) ‘ x*(s) = x*?(s) ‘ + Mz(s)}Ms(S"g) X
0 0

{Xk_l(f)|T6[110;/129}}_max{xk—Z(f)|Te[,110;120]}‘d0Jd5+
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+_§pj\e(t,ti)\-mi X)X () .
Hence, by the introducetlj:lnorm we obtain
| X -x**() HPC <§, [ X () -x*(t) H
+SZH max{x"‘l(r)|re[/11t;/12t]}—max{ k= 2(r)|r e At Aot H
+ S3H x () —x (1) HPC < p-H X (t) —x2(t) HPC, (15)
where p=S, +S, +S,,

T T T
S, = EQ%!\G(t,S)\Ml(S)d s, S, = rgaxj\c;(t,s)\ Ml(s)gMg(s,Q)des,

S, = maxZ\G(t )|-m

0<t<T <
According to the last condition of the theorem p <1. Therefore, from the
estimate (15) we have

030, <[ 0 0], a9

It follows from (16) that the operator J on the right-hand side of the equation
(11) is contracting. According to fixed point principle, taking into account estimates
(13)-(16), we conclude that the operator J has a unique fixed point. Consequently, the

nonlocal boundary value problem (1)-(3) has a unique solution x(t) € PC([O,T], R”).

Now let us show the continuous dependence of the solution to the boundary
value problem (1)-(3) on the right-hand side of condition (2). Let B(t),B,(t) e R" are

two different vector functions and xl(t),xz(t)ePC([O,T],R“) are corresponding
solutions of the problem (1)-(3). Then from the equation (11) we have

X () =%, (t) = Q7" (t)[ B,(t) - B,(t)] +
+}G(t,s){ f(s,xl(s),}(a(s,e, max{xl(r)|re[/116?;120}})d0}_
_f[S,xz(s),}(a(s,e,max{xz(f)|re[119;/129]})d9”ds+
+ZG(t t) [l (% () - (Xz(tk))] (21)

Now, using the conditions of the theorem, S|m|IarIy to the estimate (15) from
(21) we obtain

%0 %, 0)] < QM [By1) - B, ()] + [|G(t )| [My(5) | %,(5) ~ x,(s) |ds +

+M,(5) [ M4(s,0) x
0
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X max | () | 7 [ 4,60;2,0 ]} - max{x, () | 7 €[ 1,60;2,0 ‘d@}ds ;

p
+2 |G- m; - ¥ (5) = X, (6) |
i=1
or passing the norm, we obtain from last that

%) = % )] <[QO)[B.1) - B, + 2% (t) = X ().
According to the last conditions of the theorem p <1. So, from the last inequality
follows that

%0 =% ® . <@-p) | QM || B~ B, )|

If we suppose that 5na>T<H B,(t) — B,(t) | < &, then from last estimate we obtain
<t<

small difference | x,(t)—X,(t) |, <&, where &=(1-p)™ EntzaoT(H QH(t) H .0. The
theorem is proved. N
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